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Abstract 

In this article, we define new classes of tensors called double S-tensors, quasi-double 
i?-tensors and establish some of their properties. Using these properties, we construct 
new regions viz., double i3-intervals and quasi-double i?-intervals, which contain all 
the //-eigenvalues of real even order symmetric tensors. We prove that the double 
//-intervals is contained in the quasi-double //-intervals and quasi-double //-intervals 
provide supplement information on the Brauer-type eigenvalues inclusion set of ten¬ 
sors. These are analogous to the double //-intervals of matrices established by J. M. 
Pena [On an alternative to Gerschgorin circles and ovals of Cassini, Numer. Math. 95 
(2003), no. 2, 337-345.] 
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1 Introduction 

A tensor can be regarded as a higher-order generalization of a matrix, which takes the form 

ij e [n] := {1,... ,n}, j E [m]. (1) 

Snch a mnltidimensional array is called an m-order n-dimensional real tensor and the set of all 
m-order n-dimensional real tensors is denoted by T(M"',m). A tensor A is called symmetric 
if its entries invariant nnder any permntation of their indices {A,... ,/m}. 
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Let M"'(C"') denote the n-dimensional real (complex) vector space. Vectors are denoted 
by lower case letters {x,y,...), matrices by upper case letters {A,B, ...) and tensors by 
calligraphic upper case letters {A, B,...). The entry of a vector x is denoted by Xj, the 
entry of a matrix A is denoted by aij and the (zi,... entry of a tensor A is 

denoted by 

Given a vector x = (xi,... ,x„)^ G C”, we dehne Ax'^~^ to be a vector in whose ith. 
coordinate is 

n 

(yAx )j ^ ^ ' ’ ' ^im- (2) 

For X G C” and a natural number k, the vector x^^^ is the Hadamard power of x, i.e. 
xf' = xf for all i. 

Definition 1.1. JBjj Let A G If there is a nonzero vector x G C”' and a number 

A G C such that 

Ax"^-^ = Ax[”^-^1 

, then A is called an eigenvalue of the tensor A and x an eigenvector of A associated with 
A. Furthermore, we say A is an H-eigenvalue with the corresponding H-eigenvector of A if 
they are real. 

A symmetric tensor A G is said to be positive semidefinite if for any vector 

n 

X G MA, Ax^ := ■ ■ -Xi^ > 0; is positive definite if for any nonzero vector 

^1 —1 

X G M"', Ax'^ > 0. From the dehnition it is clear that, if m is odd, then there is no nontrivial 
positive semidehnite tensor. 

Positive dehnite homogenous polynomials and positive semidehnite polynomials (non¬ 
negative polynomials) are important in the held of dynamical systems, optimization, etc. 
With each homogenous polynomial we can associate a symmetric tensor. Checking the pos¬ 
itive (semi)dehniteness of a homogenous polynomial is equivalent to checking the positive 
(semi)dehniteness of the symmetric tensor associated with it. For details about the applica¬ 
tions we refer to 0, 0 and the references therein. 

Qi characterized the positive dehnite and positive semidehnite tensors in terms of their 
iL-eigenvalues. 

Theorem 1.1. |2l Theorem 5] Let A he an m-order n-dimensional symmetric tensor such 
that m is an even integer. Then A is positive definite (positive semidefinite) if and only if 
all its H-eigenvalues are positive (nonnegative). 

Thus, from the above theorem, the location of the if-eigenvalues of an even order symmet¬ 
ric tensor is useful in checking the positive dehniteness (positive semidehniteness) of tensors. 
The main purpose of this article is to give upper and lower bounds for the iL-eigenvalues of 
even order symmetric tensors. Next we recall a couple of known results in this direction. 

For each i G [n], denote 

ri{A) = ■ ij e [n],3 =2,...,m, (is,.. .,im) {i, ■ ■ ■ ,i)}- (3) 
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Qi et al. IHli asserted that the eigenvalues of a tensor A have a similar statement as the 
Gerschgorin circle of the eigenvalues of matrices. One can rewrite the result for if-eigenvalues 
of a real tensor as follows. 


Theorem 1.2. Theorem 2] Let A = G and A he an H-eigenvalue of 

A. Then, 

n 

A6r(.4) = |Jri(.4), (4) 

i=\ 


where rj(Al) 


ai,„i-ri{A), ai,„i + ri{A) 


We call the interval r(Al) in (j3]) the Gerschgorin eigenvalues inclusion set of tensors. Li 
et al. established a Brauer-type eigenvalues inclusion set for an arbitrary complex tensor 
[1[ Theorem 2.1] and showed that the Brauer-type eigenvalues inclusion set is contained in 
the Gerschgorin eigenvalues inclusion set [1[ Theorem 2.3]. We can restate the Brauer-type 
eigenvalues inclusion theorem for if-eigenvalues of a real tensor as follows: 


Theorem 1.3. ^ Theorem 2.1] Let A = G and A he an H -eigenvalue 

of A. Then, 

n 

\en{A)= IJ %(Al), (5) 

where 

Qij{A) = {z G C : \z - ai,„i\{\z - -r]{A)) < ri{A)\aji,„i\}, 

and 

n 

= GM) - 

0'2v 

In this article, in Section [2], we collect some dehnitions, known results and correct minor 
mistakes in couple of results proved in [3]. In Section [3l we dehne two new classes tensors 
viz., double i?-tensors, quasi-double H-tensors and establish their properties. Using this 
properties, in Section 01 we construct two new regions called double S-intervals and quasi¬ 
double 5-intervals, containing all the if-eigenvalues of even order symmetric tensors. These 
regions have a nature similar to the Brauer-type eigenvalues inclusion set f2(Al) stated in 
(|5|). We prove that quasi-double 5-intervals is smaller than double 5-intervals and there 
is no inclusion relation between quasi-double 5-intervals and the Brauer-type eigenvalues 
inclusion set. Hence, it is nature to construct an intervals T(AI), narrower than both quasi¬ 
double 5-intervals and Brauer-type eigenvalues inclusion set G(Al), by intersecting the two. 
These comparison results are done in Section [5l In Section [6l we draw some concluding 
remarks. 
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2 Notation, Definitions and Preliminary results 


The purpose of this section is twofold - to collect known dehnitions and results; and to 
correct minor mistakes in couple of results in [3]. 

The m-order n-dimensional identity tensor, denoted by X, is the tensor with entries 

^ f 1 , ii ii = ■■■ = im, 

\ 0 , otherwise. 


Chen et ah [T] defined the following fcth row tensor dealing with some problems of 
circulant tensors. 

Definition 2.1. Let A = G Then, Ak = ^ — 1) 

is called the kth row tensor if where k,ii,... ,im-i £ H- 

Let sign{x) be sign function, that is, 

r 1, X > 0, 

sign{x) = < 0 , x = 0 , 

I —1, X < 0. 


For a tensor A = G T(K”',m) and i G [n], dehne 


(3i{A) = max{ 0 , : (ia, • • • , 

) A {i,... 

A)}, 


(6) 

7 i(Xl) = min{ 0 , : (ia, • • • Cm! 

) 7^ (z,. . . 

A)}, 


(7) 

- aih-iJ ■ (^ 2 , • • • 

; im) A (b 

■ ■■a)}, 


( 8 ) 

~ — 0‘jj2...jm) ■ ( 42 , • • • ,jm) 7^ (b • • • ) 

*),(j2,... 

) jm) A (x • • 

mj)h 

(9) 

0*(^) = ^{{aih-irr. - 7i(^)) ; (^2, • • • 

and 

; im) A (b 

,---a)} 


(10) 

~ ~ 7i(‘^)) • (j2, • • • Am) A {h ■ ■ ■ 1 

*),(j2,... 

) jm) A {jm ■ 

■mj)}- 

(11) 


Next we recall the dehnitions of double 5-tensor and quasi-double 5-tensor dehned by 

Li et al. in |3]. 

Definition 2.2. Let A = G T(M"',m) with > fdi{A) for all i. Then A is said 

to be a double B-tensor if : 


(a) for any i G {1,..., n}, ai,„i - > ^*(.4.), 

(b) for all i,j G {1,..., n}, i 7 ^ j, {ai,„i - l3i{A)){aj,„j - ldj{A)) > Ai(4.)Aj(4,). 
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Note that Chen et al. |2] also gave a dehnition of double S-tensor, which is different 
from the above one. A double i?-tensor dehned in [2] need not satisfy the condition (a) of 
dehnition 12.21 If we drop condition (a) from dehnition l2.2l then even order symmetric double 
i?-tensors need not be positive dehnite[3]. Positive dehniteness of double i?-tensors plays a 
crucial role in locating the iJ-eigenvalues of even order symmetric tensors. So, in this paper, 
we follow the dehnition of double i?-tensor as in |3]. 

Definition 2.3. Let A = G T(M”,m) with aj,,,* > /3i{A) for all i. Then A is 

said to be a quasi-double B-tensor if : 

- l3i{A)){aj,„j - l3j{A) - A}(.A)) > (A(^) - ciji...i)^j{A). 

Next we recall some dehnitions. 

Definition 2.4. Let A be an m-order n-dimensional tensor. Then A is called a doubly 
strictly diagonally dominant tensor (DSDD) if: 

(a) \ai,„i\\aj,„j\> ri{A)rj{A), for all i,j,i^j, 

(b) when m > 2, |ai...i| > ri{A) for i G {1,..., n} . 

Definition 2.5. 0 Let A be an m-order n-dimensional tensor. Then A is called a quasi- 
doubly strictly diagonally dominant tensor (Q-DSDD) if: 

-Aj{A)) > ri{A)\aji,„i\, for all 7 ^ j. 

A tensor A is called a Z-tensor if there exists a tensor V with nonnegative entries and 
a real number s such that A = sX — T>. 

Li et al. [3] proved that the following important result using the fact that an even order 
symmetric double 5-tensor (quasi-double 5-tensor) can be decomposed into the sum of a 
doubly (quasi-doubly) strictly diagonally dominant symmetric Z-tensor and several positive 
multiples of partially all one tensors. 

Theorem 2.1. ^ The following statements are true: 

(a) All the H-eigenvalues of an even order symmetric double B-tensor are positive, 

(b) All the H-eigenvalues of an even order symmetric quasi-double B-tensor are positive. 

The following results are proved in [3]. We observed that these results contain minor 
mistakes. We give a counter example to these results and prove the correct versions (Theorem 
13.11 Theorem 12.4p . 

Theorem 2.2. |3 Proposition 5] Let A be an m-order n-dimensional Z-tensor. Then: 

(a) A is a double B-tensor if and only if A is a DSDD tensor. 

(b) A is a quasi-double B-tensor if and only if A is a Q-DSDD tensor. 
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Theorem 2.3. |3, Theorem 4] Let A be an m-order n-dimensional real symmetric tensor 
such that m is even. If A is either a DSDD tensor or a Q-DSDD tensor, then A is positive 
definite. 

The following example shows that Theorem 12.21 and 12.31 are not true. Consider the Z- 

f -I -i \ 

matrix ^ = ( i f ) ‘ ^ both DSDD and Q-DSDD-matrix. But, it is neither a 

double i?-matrix nor a quasi-double i?-matrix. Also it is easy to see that A is not positive 
dehnite. 

We will give a correct version of Theorem 12.21 in Section |3l Now we give a correct version 
of Theorem 12.31 as the follows. 

Theorem 2.4. Let A he an m-order n-dimensional real symmetric tensor such that m is 
even and > 0 for all i E [n]. 

(1) If A is a DSDD tensor, then A is positive definite; 

(2) If A is a Q-DSDD tensor, then A is positive definite; 

Proof. The conclusion (1) follows directly from |5l Theorem 11]. If .4, is a Q-DSDD 
tensor, then it is easy to see that there exist an index i E [n] such that > rfiA). Now 
the conclusion (2) follows directly from [51 Theorem 13]. 


3 Double B-tensors and quasi-double B-tensors 

In this section, hrst we introduce the notion of double 5-tensor and quasi-double 5-tensor. 

Definition 3.1. Let A = (oii...*™) € T(ML,m) be a tensor with the kth row tensor Ak, 
k E [n] and A = G T(M"',m) be a tensor with the kth row tensor siga{ak...k)Ak, 

k E [n]. Then, 

(a) A is called a double 5-tensor if 4, is a double 5-tensor, 

(b) A is called a quasi-double 5-tensor if 4, is a quasi-double 5-tensor. 

Note that, double 5-tensors discussed in this paper is different from double 5-tensors 
discussed in [2] because of the different dehnitions of double 5-tensor. 

Let A he a. double 5-tensor. Since > fifiA) > 0 for each i E [n], it is easy to see 
that 4. is a double 5-tensor, which means 4. is a double 5-tensor. Hence, 

{double 5-tensors} C (double 5-tensors}. 

Similarly, we have 

(quasi-double 5-tensors} C (quasi-double 5-tensors}. 

Dehne 

= / if A = • • • = 

\ 0 , otherwise. 

Next we prove a correct version of Theorem 12.21 
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Theorem 3.1. Let A he an m-order n-dimensional tensor such that A is a Z-tensor. Then 

(a) A is a double B-tensor if and only if A is a DSDD tensor. 

(h) A is a quasi-double B-tensor if and only if A is a Q-DSDD tensor. 

Proof, (a) Let B = A. Since S is a Z-tensor, we have = 0 and ri{B) = Ai{B) = 

-bii 2 ...im for all i. Hence, 

\bU\bj...j\>n{B)rm 


if and only if 

- mm,..., - m)) > m)m)- 

Also bi,,,i — (3i{B) > Ai{B) if and only if |ai,,,j| > ri{A). Thus .4, is a double H-tensor if and 
only if 4. is a DSDD tensor. 

(b)Now, A){B) = Y. _ - bjj,...jj = r}{B). Hence 

^332---3Tn—^ 

h...im-r]{B))>rmm.i\ 

if and only if 

m - mm,..., - m) - m)) > - b,^...^)MB)■ 

Thus 4. is a quasi double H-tensor if and only if 4, is a Q-DSDD tensor. □ 

Let us recall the general product of two n-dimensional tensors defined by Shao in [TO] . 

Definition 3.2. [7^ Let A = G T(C”,m) and B = {bi^ i^) G T(C”,/c). Define the 

product AB to he the following tensor C of order {m — l){k — 1) 1 and dimension n: 

n 

Qai. ^ ^ ^ Ol, • • • , 0.^—1 ^ W )' 

^2 ■ •I'^Tn — 1 

By the definition of double H-tensor and quasi-double H-tensor, it is easy to prove the 
following. 

Theorem 3.2. Let A = G T(M"',m). Then 

(a) A is a double B-tensor if and only if there exists an n x n diagonal matrix D whose 
diagonal elements belong to the set {1, —1} and a double B-tensor B G T(M",m) such 
that A = DB, 

(b) A is a quasi-double B-tensor if and only if there exists annxn diagonal matrix D whose 
diagonal elements belong to the set {1, —1} and a quasi-double B-tensor B G T(M"',m) 
such that A = DB. 
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Definition 3.3. Let A = be an m-order n-dimensional tensor and a C {1 ,... ,n} 

with |q;| = r. A principal subtensor .4,[q;] of the tensor A with index set a is an m-order 
r-dimensional subtensor of A consisting of r™ elements defined as follows: 

A[a] = , where ii,..., im e a. 

Theorem 3.3. Let A be an m-order n-dimensional tensor. 

(a) If A is a double B-tensor, then A[q\ is a double B-tensor for all a C {1,... ,n}. 

(b) If A is a quasi-double B-tensor, then A[a\ is a quasi-double B-tensor for all a C 

Proof, (a) Let B = A, a C {I, n} and i e a. Since bi,„i > (Ii{B), we have 6 *...* > (Ii{B[a]). 
Also, bi,,,i — f3i{B) > Aj(i3) and ^i{B) > Ai{B[a]). Thus 6*...* — f3ilB[a]) > Ai{B[a]). Now, 

- D.(B))ih-i - Pim 

> A.(eH)A,(e[a]). 

Hence .4 ,[q;] is double H-tensor. 

(b) Let i,j^a and i ^ j. We have IIPj{B) > A'^.{B[a]). Now, 

- l3,{B[a])){h,.., - l3,{B[a]) - A}(H[a])) > - mW.-o “ 

>(/3,(H[a])-6,,,.,,)A,(H[a]). 


Thus .4 ,[q;] is a quasi-double H-tensor. □ 

Definition 3.4. Let A be an m-order n-dimensional tensor. Then A'^ = iaf , ) is an 
m-order n-dimensional tensor defined as ~ Ai(‘^)- 

It is easy to see that A~^ is a Z-tensor. 

Theorem 3.4. Let A be an m-order n-dimensional tensor. Then 

(a) A is a double B-tensor if and only if A^ is a double B-tensor. 

(b) A is a quasi-double B-tensor if and only if A^ is a quasi-double B-tensor. 

Proof. Let B = A and C = A'^ . 

(a) Suppose .4, is a double 5-tensor. Then q...* = — /3i{B) > 0. Since C is a Z-tensor 

and Ai{B) = Aj(C), we have q,..* > Aj(C). Now, we have 





and 


MB)A,{B) = A,{C)Aj{C). 


Thus 

if and only if 


(c,..., - A(C))(c,,.., - f3,{C)) > A,(C)A,(C) 


ik.., - - /5,(i3)) > A,{B)Aj{B). 

r+ . 


Hence ^ is a double 5-tensor if and only if ^ is a double 5-tensor, 
(b) We have 


and 

Thus 

if and only if 


(c,..., - A(C))(c,,..,- - f3,{C) - A;.(C)) = (6,.., - m)){h -3 - - A){B)) 

W,{C) - c,.,.)A}(C) = (/3,(5) - 6,...*)A}(5). 

(c.„. - A(C))(c,.., - 13,{C) - A]{C)) > W,{C) - c,...)A}(C) 


{k... - mm,.., - m) - m)) > ^m) - hmm)- 

Hence ^ is a quasi-double 5-tensor if and only if m is a quasi-double 5-tensor. 
Dehne 

ai{A) = 


□ 


(3i{A) if ai...i > 0, 

^i{A) if ai...i < 0, 

where l3i{A) and 7i(^) are dehned in ([6]) and ([7]), respectively. 

The following theorem gives an equivalent condition for a tensor to be a double 5-tensor. 

Theorem 3.5. Let A he an m-order n-dimensional tensor. Then, A is a double B-tensor 
if and only if 

(a) \(ii...i\ > |Q!i(‘^)| for all i, 

(b) 1^2...2 ^2 (*^) I ^ 'y ^ |^2(*^) Ojil2...im\^ 

Sii2...im.=0 

(c) \ai...i-ai{A)\\aj...j - aj{A)\> i E Wi{A) - aii2...ij){ Y. - aji2...2™l)- 

Proof. Let B = A. Then bi...i > (3i{B) if and only if ai...i > l3i{A) if ai...i > 0 and —ai...i > 
—'yii^A) if ai...i < 0. Thus bi...i > (3i{B) if and only if \ai...i\ > |a2(7l)| for all i. 

If ai...i < 0, then 


-ai...i + ai{A) = hi,„i - l3i{B) > ^ (A('S) - ^ \oii{A) 
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and if > 0, then 


Thus \ai,„i - ai{A)\ > Y1 \oti{A) - aii^,„i^\ if and only if 

^ii2---im=0 

k.A - MB) > Y, (MB) - M..aJ- 

Since 

I a*...* - ai{A)\\aj,„j - aj{A) \ = (6*...* - f3i{B)){bj...j - f3j{B)) 

and 

( (ft(B)-6„„„,„.))( ^ (ft(B)-%,„i„.)) 

we have 

\(ii...i ~ Oii{A)\\aj,„j — aj{A)\ > { ^ ^ ~ ®M2---*ml)( ^ ^ ~ ®i*2---iml) 

if and only if 

{b.,„,-l3.{B))(k..j-l3,(B))>( Y (MB) - bu,...,J)( Y (MB) - 

Sii2...im~^ h'i2--*wi=0 

This proves the result. □ 

The following result gives an equivalent condition for a tensor to be a quasi-double B- 
tensor. 

Theorem 3.6. Let A = be an m-order n-dimensional tensor. Then A is a quasi- 

double B-tensor if and only if for each i E [n], \ai,„i\ > |«i(-^)| and for any i ^ j G [n], 


'^ij2---im=0 

^332---3rn=0 

^ii2---im=^ 


( 12 ) 
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4 New bounds for //-eigenvalues of even order sym¬ 
metric tensors 

In this section, we discuss results about location of the //-eigenvalues of even order symmetric 
tensors. First we state the following useful lemma. Proof is easy to verify. 

Lemma 4.1. Let A = G Then 0 is an H-eigenvalue of A if and only if 

0 is an H-eigenvalue of A. 
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In the following theorem we give a new region for the hf-eigenvalues of even order sym¬ 
metric tensors. 

Theorem 4.1. Let A = G be an even order symmetric tensor and A be 

an H-eigenvalue of A. For any i G [n], Define 

Aj /^i('A), ai i 


Aj = - fifiA) - Ai(Al), ai,„i - -ffiA) - 0i(Al)) 

and for any i 7 ^ j G [n], 

Ah = {x G (-CX), min{ai,„j, - fifiA) - x\\aj,„j - /3j{A) - x\ < Aj(.4,)Aj(.4,)}, 

Ah = {x G {ai,„i, aj,„j) : la,...* - ^fiA) - x\\aj,„j - fifiA) - x\ < 0i(Al)Aj(.4,)}, 

Ah = {x G ai,„i) : \ai,„i - fifiA) - x\\aj,„j - ^fiA) - x\ < A * (.4.) 0j ( Al) }, 

Afj = {x G (max{ai,„i, 0 ^...^}, -Fcx)) : \ai,„i - ^fiA) - x\\aj,„j - ^fiA) - x\ < 0*(4.)0^(4.)}, 
where fifiA) and ■yfiA) are defined in ([6]) and ([7]). Let 

A .. = / Ah u Ah, if ai,„i < 

I ^ ^ ^ ’ ^ “i-i- 

Then, 

n n n 

Ae A(^)= (Ua,)u(Ua.)u( U A„), (17) 

7=1 7=1 7,1 = 1 

77^1 

Proof. Let A be an iL-eigenvalue of A. Suppose that A ^ A(Al). Observe that A — XT and 
A have the same off-diagonal elements. Since A ^ Aj, we have either aj...j — A > fifiA) or 
ai...i — X < 7 *(4.) for all i E [n]. Thus |ai,,,j —A| > |aj(Al)| = |aj(Al —AX)| for all i E [n]. Since 
A ^ Aj, we have either (aj..., — fifiA) — Aj(Al) — A) > 0 or (aj...i — 7 i(Al) — 0i(Al) — A) < 0. 
Thus Iaj...i - A - Q!i(4, - AX) I > ^ |ai(7l - AX) - ajj 2 ...j^ |. 

7i2---*m=0 

Let i,j E [n] and i 7 ^ j. We may assume without loss of generality that aj...j < aj,,,j. If 
A G (— 00 , ai,,,j), then aj...j — A > 0, aj,„j — A > 0 and 

- fii{A) - X\\aj,„j - fifiA) - A| > Ai(7l)Aj(Al). 

If A G (aj...j, aj,,,j), then Oj...* — A < 0, — A > 0 and 

|a 7...7 - 77 (^ 1 ) - X\\aj,„j - fijiA) - A| > 0i(Al)Aj(7l). 
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If A G oo), then — A < 0, — A < 0 and 

- 7 i(Al) - X\\aj,„j - 7i(Al) - A| > 0i(Al)0j(Al). 

From the above observations, we have the following inequality 
— A — ai{A — AX)||aj...j — A — aj{A — AX)| 

^ ^ ^ AX) ^ ^ AX) 

<5ii2-'-»m=0 h'i2-'-»m=0 

Thus, by Theorem 13.51 we have Al — AX is a double 5-tensor. By Theorem 12.11 (a) and 
Lemma 14.11 0 is not an 5-eigenvalue of Al — AX. Thus there does not exist a nonzero vector 
X G M” such that {A — XL')x^~^ = 0, which implies A is not an 5-eigenvalue of A. This is a 
contradiction. Therefore, A G A(AI). □ 

The above theorem is an analogous version of [TJ Theorem 3.3] for tensors. The following 
theorem is a rehnement of the above theorem. The eigenvalue region we get in this theorem 
are smaller than the above one. 

Theorem 4.2. Let A = ( 0 * 1 ...j^) G T(M"',m) be an even order symmetric tensor and A he 
an H-eigenvalue of A. Define 

- fii{A),ai,„i - 7 i(Xl)], i G [n] 


and for any z 7^ j G [n], 



= 

0 

{x G ( —CXD 

, min^ci2...i: }) • 1^2...i 

fiM) - 

x|(|a/. 

-j - Pji^) -x\- 

A}(Vl)) 


VI 

(*A) Ojji...i 

)A2(AI)}, 





4/2. = 

{x G ( 

%.../) 

: - ^i{A) - x\{\aj,„j - 

-fifiA)- 

- x\ — 

A]{A)) < ifiM) 


CO 

{x G ( 

1 ®i...i) 

■ \ai...i - fii{A) - x\{\aj,„j - 

-jjiA) - 

- X — 

0}(‘^)) < ( 5 -.* - 

--ffiA))AfiA)}, 


= 

{x G (max 


7i(Al) - 

x|(|a/ 

.../ - 7 /(Vl) -x| - 

e){A)) 


— 

,„,-7,(Al))0.(Vl)}, 





where 

P^{A) 

and 7 j(Vl) 

are defined in ([6]) and ([7]) 

. Let 







f 4/1. u U 

'If 

i < 5- 






\ % u ^ u <lf,, 

'If ®2...i 

i > 5- 

-j- 


Then, 



n 

n 







A G T(Vl) = (IJd^*) 

i=l 

XU 



(18) 
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Proof. Let A be an iL-eigenvalue of A. Suppose that A ^ tl/(Al). Then for any i G [n], 
— A| > \ai{A — AX)|. Let i ^ j E [n]. Without loss of generality, assume 
If A G (—cx), then 

\ai...i - l3i{A) - X\{\aj,„j - l3j{A) - A| - A}(^)) > {l3j{A) - aji,„i)^i{A). 

If A G (di...!, ay.y), then 

- li{.A) - A|(|aj,„j - l3j{A) - A| - A]{A)) > (/3j(Al) - aji,„i)Qi{A). 

If A G oo), then 

- 7i(Al) - A|(|aj,„j - ^j{A) - A| - 0}(Al) > {aji,„i - 7j(Al))0i(Al). 

Thus in all three cases we have, 

- A - ai{A - XX)\{\aj,,,j - A - aj{A - AX)| - ^ \aj{A - AX) - 

^jj2---irn=0 

^ AX) ^ ^ AX) ^ii2...im\' 

<5ii2---im=0 

By Theorem 13.61 we have 7l — AX is a quasi-double i?-tensor. Also, by Theorem 12. II (b) and 
Lemma 14.11 0 is not an if-eigenvalue of 7l — AX. Thus there does not exit a nonzero vector 
X G M” such that {A — AX)x™'“^ = 0, which means A is not an iL-eigenvalue of A. This is a 
contradiction. Therefore, A G 4/(71). □ 

We call A(7l) and T(7l) the double ^-intervals and quasi-double i?-intervals of 7l, respec¬ 
tively. Observe that the double 5-intervals of 7l and quasi-double 5-intervals have a nature 
similar to the Brauer-type eigenvalues inclusion set 12(71) stated in Theorem 11.31 Now, a 
question is nature, when range is better for determining the location of the 5-eigenvalues of 
7l. We will discuss this interesting question in the following section. 

5 Comparisons between Brauer-type eigenvalues in¬ 
clusion set, double B-intervals and quasi-double B- 
intervals 

We begin this section with the following observation. Li et ah, [31 Proposition 4] proved 
that if 7l is a double 5-tensor, then 7l is a quasi-double 5-tensor. Thus we have, if 7l is 
a double 5-tensor, then 7l is a quasi-double 5-tensor. In the next theorem, we prove the 
quasi-double 5-intervals is contained in the double 5-intervals. 

Theorem 5.1. Let A = (aji...j„) G T(M"',m) he an even order symmetric tensor and A be 
an H-eigenvalue of A. Then, 

T(^) C A(^), (19) 

where A(7l) and 4/(71) are defined in flTTI) and (ITSD . respectively. 
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Proof. Let A ^ A(Al). Then, by Theorem 13.51 Al — AX is a double S-tensor. By the above 
observation, Al — AX is a quasi-double 5-tensor. Thus, by Theorem 13.61 we have A ^ d'(Al). 
Hence T(AI) C A(AI). □ 

The following example shows that T(AI) and Brauer-type eigenvalues inclusion set are 
not comparable. 

Example 5.1. Consider the symmetric tensors Ai = -^2 = of order 

4 dimension 2 dehned as follows: 

flllll = 18 , 02222 = 20 , 01222 = 02122 = 02212 = 02221 = 3 , 

Oll22 = O22II = O122I = O2112 = O212I = O1212 = 2 , 

O1112 = O2111 = O1211 = O1121 = 2, 

and 

^1111 = 2 , 62222 = 6, 61222 = 62122 = 62212 = 62221 = 4 , 

61122 = 62211 = 61221 = 62112 = 62121 = 61212 = ~2, 

61112 = 62111 = 61211 = 61121 = 5 . 

By using the methods of Theorem 11.31 and Theorem 14.21 one can get the location of 
iL-eigenvalues of Ai and A 2 listed in the following Table 1. 


Table 1.- Comparisons of Brauer-type eigenvalues inclusion set and quasi-double B-intervals 



A, 

A 2 

Brauer-type eigenvalues inclusion set 

[3, 36.6119] 

[-22.2560, 28.6844] 

quasi-double B-intervals 

[9, 36.6119] 

[-24.9257, 32.6068] 

H-eigenvalues 

15, 35.1469 

-20.2289, 16.0666 


As we can see in the table above, the quasi-double 5-intervals is better when estimating 
the location of 5-eigenvalues of Ai while the Brauer-type eigenvalues inclusion set is more 
precise for locating the 5-eigenvalues of AI2. 

So, there is no indication that T(AI) is tighter than f2(Al) or ff(Al) is tighter than T(AI). 
They supplement each other. □ 

Now, we construct a more precise region by using the results of Theorem 11.31 and Theo¬ 
rem IT21 

Theorem 5.2. Let A = G T{MP,m) be an even order symmetric tensor and fl(Al), 

4/(a1) be defined in (|5]), fflSj) . respectively. If X is an H-eigenvalue of A, then 

A e T(>1) = nT(^). (20) 
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6 Concluding remarks 

We introduced two new classes of tensors called double 5-tensors and quasi-double 5-tensors 
and established some of their properties. Using the properties, we derived two regions A(^), 
'l/(^) called double 5-intervals, quasi-double 5-intervals, respectively. We observed that 
quasi-double 5-intervals are smaller than double 5-intervals. We discussed the relationship 
between Brauer-type eigenvalues inclusion set and the quasi-double 5-intervals d'(Al) 

and constructed the region T(^), which is more precise for the location of the 5-eigenvalues 
of even order symmetric tensors. We investigated the location of 5-eigenvalues of even order 
symmetric tensors. Do the double 5-intervals A(^) and the quasi-double 5-intervals 'I'(Al) 
hold for even order nonsymmetric tensors and odd order tensors? In the future, we will 
research these problems. 
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